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Two numerical models are used to caiculate wind wave spectrum transformations in an area of the Southern Brasilian
Coast exposed to the Sauth Atlentic Ocean. Using shallow water measurements made at a single peint of frequeney
directional spectra recorded during the arrival of a swell event, estimates of the deep water, spatially homogeneous
spectra are made using an inverse refraction model. The deep water spectrum is then forward propagated by using
a second spectral refraction model based on a different set of governing equations, providing information about the
wave field throughout a numerical grid covering an extensive area. The performance of the forward refraction model
is assessed by comparing the aumericai caleulations to analytical and experimental dasa.

1. INTRODUCTION

Wind waves are the main source of energy driving coastal
dynamics. Before reaching the shore, waves propagate
through the continental shelf, ongoing transformations
that result from several physical processes. This pa-
per presents a numerical modelling approach to assess
wave propagation in a small area of the Southern Brazil-
lan Coast using original directional measurements of the
wave field.

The basic problem addressed here is: how to obeain infor-
masion about the wave spectra throughout 2 wide area
using single point measurements of the wave fleid clese
to the shore? The solution of the nroblem invalves two
main stepa.

Firat, estimates of the wave spectrum in a regon where
it is approamately homogeneous in space are obtained.
For the purposes of the present study, this happens in
“desp-water”, defined as the region where the depth ex-
ceeds half the typical wavelengths of the considered spec-
trum, Since the available measurements are made close
10 the shore, where the depths are much smaller than
that threshold, the esuimation of 2 desp-water spectrum
requires the Inverse propagation of the wave field from
shallow to deep water — inverse propagation.

The sacond step is t0 obtain estimates of the wave feld in
a wide area comprised between deep water and the shore-
line, which includes the surroundings of the measurement
site — forward propagation. This 13 achieved using a
simple spectral refraction model based on two conditions
dertved from the ray theory (Munk & Arthur, 1951). The
numerical model used to estimate the deep water spac-
trum is described in detail by O'Reilly {1981). Since the
forward propagation invelves a numerical model specifi-
cally developed within the context of the present study,
1w will be described in more detail below. A complete
descriprion can also be found in Alves (1996).
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2. GENERAL THEORY

Longuet-Higgins (1985, 1956) shows that the transfor-
mation through refraction of the energy initially concen-
trated around an arbitrary surface area of the directional
wind wave spectrum keeps itsclf related to the same
frequency throughout the entire transformation process.
Therefore, it is possible to establish a direct relationship
between an initially uadisturbed spectral energy distn-
bution En(f, da)dfdd and the distribution after the wave
field has undergone refraction E{f, §)dfdé, as long as dis.
sipation and diffraction can be neglected.

The governing equation relating the initial and the re-
fracted spectrum i3
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where the directional spectrum has beern diseretized nto
components with frequency f, direction of propaga-
tion 6, wave number & apd group velocity c,, follow-
ing the assumption that the principle of linear superpo-
sition s valid. The subacripts 0 denote properties re-
lated to the spectrum before refraction. The wave num-
bers and group velocities are related to the wave fre-
quency through the dispersion relation for small ampli-
tude waves, The garama function I'(£, 8) on the r.hs. of
equation (1} relates initial and refracted directions

fo = I'(£,6). (2)

Equation (1) is valid along a ray path, which itself de-
fines the gamma funetion (equation 2), For an arthogo-
aal Cartesian frame, the ray equations (Munk & Arthur,
1951} are
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Equation (1) is used presently to caleulate the deep wa-
ter spectrum Eolf, fo)dfdf given a measured spectrum
in shallow water. Since the procedure is done revers-
ing the patural sequence, it is called inverse refraction.
Technigques based on equatien (1) are also calied spec-
tral mapping (2ee ¢.g., O'Reiliy, 1981; O'Rellly & Guza,
1996).

Properties of the wave field in a large area including the
surroundings of the measurement site are calculated us-
ing two other properties derived from the ray theory.
Changes in the wave length of cach spectral component
due to refraction are calculated by applying the wave
number irrotationality condition

U xk=l (4
Wave height variations due to refraction are caloulated
through the energy fux conservation equation

Vo (c,4%) =0 (3)

where A is the amplitude (half the wave height) of a
given spectral component.

The numerical solution of the coupled system of equa-
tions (4) and (5} allows for the use of grids covering large
campurational domains. A numerical model that solves
equations (4) and (3)is described in detalls next.

3. FORWARD REFRACTION MODEL

A spectral wind wave refraction model based on the
methodelogy fivstly applied by Dalrymple (1988) to
stady monochromatic wave propagation 13 used. The
spectral model is based on the coupled system of equa-
tions {4) and (), which are solved explicitly using a finite
difference method.

The numerical solution is built on a diseretization mod-
ule shifted in the y direciion, resembiing a zig~-zag shape
(Figure 13. The solution progresses in ¢ from left to
right or vice.versa depending on the initial dircction 4
of sach component at the outer boundary. The whole
spectrum 1% solved after the discretization module has
swept alf grid points for o fixed © position. The solution
progresses in the r axig, aligned cross-shore, line by line.

For a Cartesian svstem of reference, equation {4) can be
rewritien as

g4, 488,
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where &, = k, = ksind, and B, = ks = Ky, cos8y are
the crthogonal projections of the wave number modulus
kn. The subscript n, which refers to an arbitrary compo-
nent of the directional frequency spectrum E(f, 8}, will
be dropped from the following equations for the sake of
simplicity. By definition, 2 can be related to A by

B=(k+aY)"" (7)

The wave number modulus is related to the frequency by
the dispersion relation w = (gktanh kh)Uz, where ¢ is
the acceleration due to gravity and h is the local water
depth. Therefore, the wave number is calculated directly
from the frequency at each grid peoint considering odly
the iocal depih.
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Figure 1: Detail of the numerical mesh and of the dis-
cretization module. The slashes on the lower right corner
illustrate wave crests

Equation (8) is discretized using central differencea along
the 2 and y axds, with egually spaced intervals Az and
Ay. The partial differentiais in = are solved at an inter-
mediate point (1 + 1/2. 7). The resulting expressions for
the r and ¥ partial derivatives are

&8 .
(‘gy") =r{B 41 = Bij+ By~ Bicry-1] {8

and

Ay, = Ay, + {9)
# Byt = Bij + Bivr g — Bigr e

where 7 = L2 /2Ay. Using the relation (7} 1t is possible
to eliminate the B termns with subseript (i + 1, 7}, which
identify uaknown quantities. After some algebra, the
resuiting expression is

AT 42A g ee=0 Bt
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and

The positive root of equation (10) gives the solution for

the 4 terms at each new grid pant as the solution pro-

gresses in space. The H terms are obtained directly
£ omy

through the relation (7). The angle of propagation at
gach grid pount is, therefore
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The numerical solution of the energy conservation equa-

tion (3] is obtained similarly. Using equation (8}, now

with 4 = Fo,c0s8 and B = ~Ee,sind, the resuiting

expressions to be solved are

A pr B e = B+ Byl

Ay = ) (14)
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where the group veiocity is given by

div g . 2kh -
ey = Emﬂtaxzhkh (lﬂ-m) {18}

The nuiserical model cutputs amplitude and angle of
vropagation of individual spectral compeonents. Since thoe
entire spectrum 18 solved progressing line by line toward
the r direction, it is also possible to compute statistical
parameters of the wave fleld ar each grid point. The
main parameter used for applications is the significans
wave height H,, obtained from the model caleulations
through the expression

Ho= (22 (5,03 (17)

where the wave height H, of individual components is
defired by
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and 4 is the energy flux in the z direction {equation 14).

Two tests were made to assess the moedel performance.
The first compared the analytical solution of monochro-
Inatic wave propagarion with several angles of incidence
over a beach with plane parallel depth contours [see
e Dean & Dalrympie, 1984) to the model caloula-
tions. Throughout all the test cases the model produced
the exaet analvtical solution.

The second test compared the model results with those
from a laboratory experiment made by Mase & Kirby
{(1992). In this case, a spectrum was propagated over a
beach with plane parallel depth contours. An algorithym
to calculate wave breaking based on staustical properties
of the wave field a3 proposed by Thornton and Guza
(1983) was included to provide the energy decay at the
surf zone,

The comparison made at 12 equally spaced points along’
the domain in the ¥ direction are summarised in Figure
2. Before the onset of breaking — locations 1 to § —
experiment and model agree with less than 5% relative
error. The agreement is still good at locations 9 {0.43%)
and 10 (3 02%), therefore inside the breaking zone. Loca-
tions 11 and 12 have 19% and 537% errors, regpectively,
probably due to non-lnear effects not included in the
maodel.
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Figure 2. Comparison between laboratory results from
Mase & Kirby [1092] (triangles) and model calculation
{tontinuous line)

4, RESULTS

To address the problem posed above, four frequency-
direction spactra representing different stages of a swell
event recorded at the measurerment site on September
1996 are used. The spectra were discretized into 12 fre-
quency bands with 30 directional bins cach. The inverse
refraction model used a rectangular 186 km by 185 km
grid with Az = Ay = 250m. Using the inverse refrac-
tion model (G'Reilly, 1991) based on equations (1) to
(3}, deep water spectra were obtained for each of the
four cases considered. They are the initial, two interme-
diate and the final spectra of the swell event,

Figure 3 shows an example of the differences between
the shallow water, measured spectrum of an intermedi-
ate stage of the event and its correspondent deep water
estimate, The remarkable difference indicates the impor-
tance of refraction to modifying properties of the wave
feld in the study site. Considering the four cases, the dif-
ferences in significant wave helght between shallow and
deep water were always greater than 20%.

The deep water spectra were then used as initie! condi-
tions for the forward propagation model. 4 pew rectan-
gular 136km (z divection) by 185km {y direction) depth
grid with Az = Ay = 250m was used. The resulting
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Figure 3: Shallow water (line with circles) and deep wa-
ter {simpie line} frequency spectra

calculated Aeld of significant wave height agreed quali-
satively well with visual observations of wave height in
different areas of the domain

A quantitative assessment of the complete methodology
gsed to estimate the wave field in 2 wide area using
point measurements, consisting of a comparison between
the measured and the forward propagated spectrum at
the measuring point, i8 also presented here. This might
seem an obvious comparison, but it is worthwhile stress.
ing that even though the inverse refraction and forward
propagation models are based on the same physical as-
sumnptions, they are developed using on different mathe-
matical approaches, as outlined in Section 1,
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Figure 4: Comparison between measured (dashed line)
and caleulated {continucus line} frequencyv spectra for
gwell on 8th of Seprember of 1998, T:00AM

Compazisons between the measured and calculated di-
rectionally integrated (one-dimensional) frequency spec-
tra show excellent agreement, with differences in sig-
nificant wave height less than 4%, Figure 4 illustratey
the comparison betwsen messured and calculated fre-
guency specita for the case with strongest refraction
(Sept 871996, TAM). A comparisop of the directional
szructure is also presented in Figure 5 for the same case.
Note that the ealculated directional distrbution (con-
tinucus line) reproduces well the measured distribution
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{dached line), even withaut smoothing of the calculated
data.
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Figure 3: Directional distzibution of amplitudes at the
peak frequency. Spectrum measured on §th of September
of 1996, at T:00AM. Measured {dashed line) and calcy-
lated (eontinuous line) are shown,

5. CONCLUDING REMARKS

A methodology for studying wind wave spectra transfor-
mation by refraction is proposed and applied to an area
of the Southern Bragilian Coast. The objective 15 to, re-
construct the wave field along wide areas using single
point directional measurcments of the wave spectrum.
The methodology consists of two parts:

» Calculation of the deep water zpectrum using an
inverse refraction mode! and

2 Reconstruction of the wave field along a wide area
asing a spectral refraction model, which is presented
and successfully tested against analytical and exper-
imental data.

Considering the study site, comparisons between mea-
sured and calculated spectra show that the methodology
produces good resuits.

The methodology presented here is based on numerical
models developed using simple approaches to the prob.
lem of the transformation of wind wave spectrum in shal-
iaw waters. Therefore, the computational-cost involved
in its application, that can be extended 1o a wide range
of beaches with simple bottom reliefs, 15 considerably
low and attractive. Several limitations arise from the as
gumptions of linearity of the wave spectrum. However,
these can reduced through proper modifications and ex-
tensions of the governing equations used above.
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